Abstract-This study deals with the use of high-order spectral/hp approximation functions in finite element models of various of nonlinear boundary-value and initial-value problems arising in the fields of structural mechanics and flows of viscous incompressible fluids. For many of these classes of problems, the high-order (typically, polynomial order 4  p ) spectral/hp finite element technology offers many computational advantages over traditional low-order (i.e., 3 < p ) finite elements. For instance, higher-order spectral/hp finite element procedures allow us to develop robust structural elements such as beams, plates, and shells in a purely displacement-based setting, which avoid all forms of numerical locking. For fluid flows, when combined with least-squares variational principles, the higher-order spectral/hp technology allows us to develop efficient finite element models that always yield a symmetric positive-definite (SPD) coefficient matrix and, hence, robust iterative solvers can be used. Also, the use of spectral/hp finite element technology results in a better conservation of physical quantities like dilatation, volume, and mass, and stable evolution of variables with time for transient flows. The present study considers the weak-form based displacement finite element models elastic shells and the least-squares finite element models of the Navier-Stokes equations governing flows of viscous incompressible fluids. Numerical solutions of several nontrivial benchmark problems are presented to illustrate the accuracy and robustness of the developed finite element technology.
INTRODUCTION
Most studies dealing with efficient finite element models for structures and fluids have employed low-order finite element procedures, primarily through the use of the weak-form Galerkin formulation. For structures, low-order (i.e., linear and quadratic) finite element approximations are prone to various forms of numerical locking [41, 42, 44, 40] . Ad-hoc fixes such as selective or fully reduced integration strategies are commonly adopted. These fixes often require additional stabilization such as hour glass control [6] . For fluid flows, the approximations must satisfy the restrictive compatibility conditions of discrete inf-sup or Ladyzhenskaya-Babuska-Brezzi (LBB) condition [11] . Even when the LBB condition is satisfied, the finite element solution may be plagued by spurious oscillations or wiggles in convection dominated flows, and conservation of various physical quantities like dilatation, volume, and mass may be poor.
There is a strong connection between the success of the finite element method and
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the notion of functional minimization. When the weak formulation for a given set of PDEs coincides with an unconstrained minimization problem, the finite element solution constitutes the best possible approximation (with respect to an energy norm) of the exact solution with respect to the trial space. The best approximation property is often lost whenever the weak formulation deviates from an unconstrained minimization problem as in (a) constrained/mixed extremum problems, where the numerical solutions must satisfy restrictive compatibility conditions (i.e., the discrete inf-sup condition) (b) non-minimizer problems, where the numerical solutions exhibit spurious oscillations and severe mesh refinement is often required to obtain acceptable solutions. Much research has been devoted to modifying the weak-form Galerkin (or Ritz) formulation in the hope of achieving a more favorable discrete setting as in SUPG [19, 12] , penalty [39] and Galerkin least-squares [20] and others. Unfortunately, the success of these methods is often intertwined with ad-hoc parameters that must be fine-tuned for a specific problem. For most structural mechanics problems, the weak-form Galerkin formulation allows the construction of a functional (based on the principle of minimum total potential energy) whose extremum would provide the basis for the construction of associated finite element models [43] . The issue of numerical locking can be easily alleviated by using higher-order spectral/hp basis functions without resorting to any ad-hoc reduced or under integration techniques. Unfortunately, such a functional (as in structures) does not exist for the Navier-Stokes equations expressed in terms of primitive variables (i.e., pressure and velocities). Consequently, most finite element models of the Navier-Stokes equations based on the weak-form Galerkin procedure do not guarantee the minimization of the error in the solution or in the differential equation. Least-squares finite element models offers an appealing alternative to the commonly used weak-form Galerkin procedure for fluids and have received substantial attention in the academic literature in recent years (see, for example, [21, 22, 24, 31, 33, 28, 27, 36, 37, 35, 30] ). The least-squares formulation allows for the construction of finite element models for fluids that, when combined with high-order finite element technology [22, 4, 5, 38, 17, 29, 31, 31, 49] possess many of the attractive qualities associated with the well-known Ritz method [43] such as global minimization, best approximation with respect to a well-defined norm, and symmetric positive-definiteness of the resulting finite element coefficient matrix [9] . However, the previous applications of the least-squares method, have often been plagued with spurious solution oscillations [34] and poor conservation of physical quantities (like dilatation, mass, volume) [16] . The least-squares formulation, when combined with high-order spectral/hp finite element technology, results in a better conservation of the physical quantities and reduces the instability and spurious oscillations of solution variables with time [18, 34] .
The paper is organized as follows. In section 2, we introduce the notation used in this paper, setup an abstract boundary-value problem, and describe the high-order spectral/hp basis functions. In section 3, we describe the weak-form Galerkin finite element model of shells constructed using a 7-parameter shell formulation in conjunction with a high-order finite element strategy that allows the use of fully three-dimensional constitutive equations in the numerical implementation. In section 4, we develop a stress-based least-squares formulation of the Navier-Stokes equations for steady-state and transient flows using an iterative penalization scheme that improves conservation of physical quantities and results in a smooth evolution of primary solution variables. In 154 V. P. Vallala and J. N. Reddy section 5, we present concluding remarks on this work.
THE ABSTRACT PROBLEM AND THE BASIS FUNCTIONS
Notation
Before proceeding to describe the high-order finite element technology utilized in this study, we find it prudent to introduce some standard notation. We assume that are constructed in the usual way.
Weak formulations
In this research we are concerned with the variational or weak formulation of boundary and initial boundary-value problems. We construct these weak formulations based upon either the classical weak form Galerkin formulation and also through the use of the least-squares method. Weak formulations typically involve integral statements over  and  that are in a generalized sense equivalent to the original set of partial differential equations and natural boundary conditions associated with a given system. Such problems may be stated as follows: 
 H
). The quantity u represents the set of independent variables (associated with the variational boundary value problem), and w represents the corresponding weighting or test function. Unlike classical solutions that are defined unambiguously point-wise, weak solutions exist with respect to test functions and are therefore understood in the context of distributions.
Least-squares model of an abstract boundary-value problem
We consider the following abstract boundary-value problem:
 is a nonlinear first-order spatial partial differential operator, u is the independent variable, f is the forcing function and p u is the prescribed essential boundary condition. The Neumann boundary condition is expressed in terms of the operator g and the prescribed function h. We assume that the function g is linear in u and that the problem is well-posed.
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In the least-squares method, we construct an unconstrained convex least-squares functional  whose minimizer corresponds with the solution of equation (2) (3) (4) . To maintain practicality [4, 5, 31, 32, 33] in the numerical implementation, we construct the least-squares functional in terms of the sum of the squares of the 2 L norms of the abstract equation residuals N 
22
,0 ,0
The abstract minimization principle associated with the least-squares method may be stated as follows:
where the function space  is defined as
The necessary condition for minimization requires that the first variation of ) ,
, be identically zero. Carrying out the minimization principle with the aid of the Gâteaux derivative yields
where the symbolic derivative (or gradient) operator  acts with respect to the independent variable u . The linear vector space of kinematically admissible variations  is of the form 
Spectral nodal basis functions
The finite element model associated with equation (1)  represents the maximum size of all the elements in a given finite element discretization. Likewise, the symbol p denotes the polynomial degree (or p -level) of the finite element interpolation functions associated with each element in the model. As a result, the discrete solution may be refined by either increasing the number of elements (i.e., reducing
, increasing the polynomial order of the approximate solution within each element e  ( p -refinement) or through an appropriate and systematic combination of both h -refinement and p -refinement.
Within a typical finite element e  the set of independent variables u is approximated using the interpolation formula 
is the Legendre polynomial of order p and ) ( 
The nodal points
found in solving equation (13) are known as the Gauss-Lobatto-Legendre (GLL) points. Whenever 2  p , the GLL points are equally spaced within the standard
the GLL points are distributed unequally with discernable bias given to the end points of the interval. The bias associated with the spacing of the GLL points increases with p . In Figure 1 , we plot the high-order interpolation functions . In this figure we show the interpolation functions associated with both an equal as well as a GLL spacing of the nodal points in the standard bi-unit interval. The interpolation functions constructed using equal nodal spacing clear exhibit oscillations (often termed the Runge effect) near the end points of the standard interval. These oscillations become Finite Element Technology for Shells and Flows 157 more pronounced as the p -level is increased. The spectral interpolation functions, on the other hand are free of the Runge effect. Finite element coefficient matrices constructed using spectral interpolation functions are better conditioned than matrices formulated using elements with equally spaced nodes. It is worthwhile to note that the spectral nodal basis functions
may be viewed as standard Lagrange interpolation functions, with the locations of the unequally spaced nodal points given in terms of the roots of equation (13) . As a result, it is possible to write the spectral interpolants of order p using the following classical formula for Lagrange polynomials
Although less elegant than equation (12), the above expression is better suited for numerical implementation in a general purpose finite element program. Furthermore, the above equation may also be easily utilized to produce a simple formula for calculating derivatives of the one-dimensional spectral interpolation functions. The finite element formulation naturally leads to a set of linear algebraic equations for the e th element, which are of the form Gauss-Legendre quadrature rules in the numerical integration of all terms appearing in the element coefficient matrix and force vector, and unless explicitly stated otherwise, always employ full integration of all integrals and do not resort to selective under-integration of any terms in the coefficient matrix or force vector.
LARGE DEFORMATION ANALYSIS OF ISOTROPIC SHELLS
Preliminary comments
In this section we present a degenerate solid shell finite element model using a seven parameter expansion (with respect to the curvilinear thickness coordinate) of the displacement field [8, 2, 1] . The use of high-order spectral/hp interpolants in the numerical implementation naturally leads to a finite element model that is completely locking free. The use of high-order polynomial expansions in the parameterization of a given element geometry also allows for extremely accurate approximations of arbitrary shell geometries. In the computer implementation, the Schur complement method is adopted at the element level to statically condense out all degrees of freedom interior to each element in the finite element discretization. This constitutes an important departure from the tensor based shell finite element formulation proposed previously in the work of Arciniega and Reddy [1, 2] , where a chart was employed to insure exact parameterization of the shell mid-surface. The present formulation requires as input the three-dimensional coordinates of the shell mid-surface as well as a set of directors (i.e., unit normal vectors to the mid-surface) for each node in the shell finite element model. As a result, the actual shell mid-surface as well as the unit normal to the shell mid-surface, are each approximated using the standard spectral/hp finite element interpolation functions within a given shell element. It allows us to freely adopt skewed and/or arbitrarily curved quadrilateral shell elements in actual finite element simulations. The proposed formulation has been successfully implemented for linear and finite deformation analysis of isotropic shells, and it is currently being extended for functionally graded shells, laminate composite shells and shells with thermal strains.
Isoparametric characterization of geometry
In this work we dispense with the idea of exact parametrization of mid-surface and instead use the isoparametric characterization of the mid-surface as
within a given element, where X represents a point on the approximate mid-surface and k  are the two-dimensional spectral/hp basis functions. The three-dimensional geometry of the undeformed configuration of a typical shell element is defined as
) The present formulation, therefore, requires as input the mid-surface locations X and the unit normals n , both evaluated at the finite element nodes. The process of parameterizing e 0  is summarized in Figure 2 . Figure 2 . The process of approximating the three-dimensional geometry of a shell element in the reference configuration based on a isoparametric map from the parent element to the finite element approximation of the mid-surface followed by an additional map to account for the shell thickness.
Assumed 7-parameter displacement field
The displacement of a material point from the reference configuration to the current configuration may be expressed in the usual manner as
We wish to truncate the Taylor series approximation for u such that the resulting shell model is asymptotically consistent with three-dimensional solid mechanics [15] ; thereby allowing for the use of fully three-dimensional constitutive equations in the mathematical model and subsequent numerical implementation. We therefore restrict the displacement field to the following seven-parameter expansion 
The quantity u represents the mid-plane displacement and φ is the so-called difference vector (which gives the change in the mid-surface director). The seventh parameter  is included to circumvent spurious stresses in the thickness direction, caused in the six-parameter formulation by an artificial constant normal strain (a phenomena referred to as Poisson locking [7] ).
The position occupied by a material point belonging to e 0  at the current time t may be evaluated by substituting the assumed displacement field into equation (19) which upon rearrangement yields
where u X x  = (a point on the deformed mid-surface) and ˆ=  nnφ (a pseudo-director associated with the deformed mid-surface). It is important to note that unlike n ; the director n is in general neither a unit vector nor is it normal to the deformed mid-surface. We define the finite element approximation of the displacement field given by equation (20) 
Constitutive equations
In this work we assume that the material response remains in the elastic regime. Furthermore, we assume that the second Piola Kirchhoff stress tensor S is related to the Green-Lagrange strain tensor E by the following relation
where
is the fourth-order elasticity tensor. For isotropic materials, the fourth-order elasticity tensor may be expressed as are in general distinct from one another. For the homogeneous case, the Young's modulus and Poisson's ratio are constant throughout the shell structure.
Weak formulation and discrete numerical implementation
The finite element model is developed using the standard weak-form Galerkin procedure, which is equivalent to the principle of virtual displacements. We restrict our formulation to static or quasi-static analysis, and therefore omit the inertial terms. 
The quantities 
In the computer implementation, we perform the above integration numerically using the Gauss-Legendre quadrature rule (with 50 quadrature points taken along the thickness direction).
The external virtual work consists of body forces and tractions. For each element, we decompose the boundary of the shell into top The traction boundary conditions on the top and bottom of the shell element may be expressed as 12 00 , =1=
( , )( ) 22
where the following quantities have been employed
Numerical results
In this section we present numerical results for various standard shell benchmark problems. We employ Newton's method in the solution of the resulting equations. To facilitate a numerical solution for problems involving very large deformations, we further imbed the iterative Newton procedure within an incremental load stepping algorithm. A convergence criterion of 6 
10
 is adopted in all numerical examples. Highly accurate numerical results may be obtained using the proposed shell element without the need for ad-hoc fixes (e.g., reduced integration, assumed strain and/or mixed interpolation). To show the robustness of the proposed shell formulation, all numerical examples are tested using skewed and/or arbitrarily curved quadrilateral shell elements.
An annular plate with a slit and subjected to an end shear force
This problem consists of a cantilevered annular plate with a slit, as shown in Figure 3 that is subjected to a line shear load q at its free end. We take 

. Numerical solutions for the isotropic case may be found in Refs . [13, 10, 3, 45, 46, 47] . We employ uniform and arbitrarily curved quadrilateral shell elements consisting of 4 elements with the 8 = p
. Each numerical simulation is conducted using the incremental/iterative Newton procedure with 80 load steps. In Figure 4 , we show the undeformed and various deformed mid-surface configurations for uniform and curved meshes. Clearly, both structures with uniform and skewed meshes undergo very large deformations which are qualitatively quite similar. The transverse tip deflections vs . the net applied force
at points A, B and C are also shown in Figure 4 for uniform and curved meshes. The computed deflections agree very well with the tabulated displacement values reported by Sze et al . [47] . Clearly, both structures with uniform and curved 
Pull-out of an open-ended cylindrical shell
In this example, we consider the mechanical deformation of an open-ended cylinder, shown in Figure 5 , subjected to two pull-out point forces P . Unlike the previous example, in this problem we apply the loads such that the shell undergoes very large displacements and rotations. As a result, this problem constitutes a severe test of shell finite element formulations and has been addressed in Refs . [10, 45, 46 (where we have taken R as the radius of the undeformed mid-surface as opposed to the radius of the inner surface of the shell). Figure 5 . An open-ended cylindrical shell subjected to two point loads. Symmetry in the geometry, material properties and loading allow us to construct the numerical model using only an octant of the actual open-ended cylinder. For the numerical model we employ a 2 2 mesh (with the p -level taken as 8) of the shell octant containing points A, B, C and D. The incremental/iterative Newton procedure is adopted using a total of 80 load steps. Figures 6(a)-(d) contain the undeformed and various deformed mid-surface configurations for the open-ended cylindrical shell pull-out problem using uniform and skewed meshes. The overall deflections and rotations are clearly quite large, especially for the final shell configuration (i.e.,for 40,000 = P ). The mechanical response of the shell is interesting in that the deformation is initially bending dominated; however, membrane forces clearly play an increasingly significant role as the load is increased, resulting in a pronounced overall stiffening of the structure. The computed deflections are in excellent agreement with results of Sze et al. [47] and also Arciniega and Reddy [2] .
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Summary
In this section a high-order spectral/hp continuum shell finite element for the numerical simulation of the fully finite deformation mechanical response of isotropic elastic shells is presented. The shell element was based on a modified first-order shell theory using a 7-parameter expansion of the displacement field. The seventh parameter was included to allow for the use of fully three-dimensional constitutive equations. The finite element coefficient matrices and force vectors were evaluated numerically using appropriate high-order Gauss-Legendre quadrature rules at the appropriate quadrature points of the element mid-surface. The virtual work statement was further integrated numerically through the shell thickness at each quadrature point of the mid-surface; hence no thin-shell approximations were imposed in the numerical implementation. The accuracy of the element is demonstrated through the numerical simulation of carefully chosen benchmark problems that the proposed shell element was insensitive to all forms of numerical locking and severe geometric distortions. 
A LEAST-SQUARES FINITE ELEMENT MODEL FOR FLOWS OF VISCOUS INCOMPRESSIBLE FLUIDS
In this section, we briefly describe least-squares finite element models for viscous, isothermal, incompressible Navier-Stokes equations based on pressure-velocity-stress first-order system [23] using higher-order spectral/hp finite element technology. The use of higher-order spectral/hp basis functions results in a better conservation of various physical quantities like dilatation, mass etc. However, due to lack of velocity and pressure coupling, the least-squares formulation in its standard form is un-stable and results in a poor evolution (with spurious oscillations) of primary variables with time. To overcome this we introduce an iterative penalization scheme, on the similar lines of [18, 34] , for the transient pressure-velocity-stress first-order system of Navier-Stokes equations. By penalty method, we recast the constrained minimization problem into an unconstrained minimization problem through the use of the penalty method [14, 44] .
The incompressible Navier-Stokes equations
Here, we consider viscous, isothermal, incompressible Navier-Stokes fluid flows. The problem may be stated in non-dimensional form as follows: find the velocity ) , ( t x u and pressure )
where Re is the Reynolds number, f is the dimensionless resultant body force due to agents like gravity, magnetic effects etc., P u is the dimensionless prescribed velocity on the boundary u  , P t is the dimensionless prescribed traction on the boundary t  , n is the outward unit normal to the boundary t  and σ is the total stress tensor (Cauchy stress). It must be noted that the parts of boundary with prescribed velocities and tractions satisfy 
The standard least-squares functional associated with the above first-order stress-based Navier-Stokes system can be constructed by taking the sum of the squares of the Figure 9 , we show the pressure and vertical velocity contour plots at Re = 20 and Re = 40. The streamlines are also shown highlighting the size of the circulation regions. It is clear that the length of the streamtraces is proportional to the Re. For Re = 40, our numerical calculations predict the wake region to extend 4.50 cylinder radii downstream of the cylinder. This is in excellent agreement with the numerical results reported by Kawaguti and Jain [26] .
To measure the conservation of various physical quantities, we make use of the incompressibility condition. The constraint that the density within a moving volume of fluid remains constant, the mass continuity equation simplifies to: which means that the divergence of velocity field vanishes everywhere in the domain. Physically, this is equivalent to saying that the local volume dilation rate is zero. To see how well it is satisfied in each element of the domain, we numerically post-compute the normalized local volume dilation rate ( e  ) over the closed surface of each element 
Note, the above equation is obtained by using divergence theorem to equation (56) over each element and normalizing with the factor e  , which in two-dimensions is the element area and in three-dimensions is the element volume. We plot the normalized local volume dilation rate for 3,5,7 = p in Figure 10 . As expected in all these figures, for elements around the cylinder (especially on the crown and upstream region) the conservation of local volume dilatation rate is relatively poor. However, the improvement is particularly noticeable for these elements with p -refinement. 
Summary
In this section, a least-squares finite element model of the steady-state and non-stationary incompressible Navier-Stokes equations governing flows of viscous incompressible fluids are presented. It is demonstrated through a numerical example of flow around a cylinder that ad hocapproaches or "fixes" used to alleviate spurious solution oscillations in low-order finite element technology may be circumvented by (a) employing high-order spectral/hp finite element technology and (b) constructing the finite element model for a given physical phenomenon in the context of a true variational setting (i.e., via the minimization of a quadratic functional). Unconstrained minimization plushigh-order finite element technology offers a highly attractive numerical setting, often avoiding the need for ad-hoc fixes. Extension of the present work to fluid-solid interaction problems is awaiting attention.
